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Logistic Regression

If the label is 0 or 1:

ŷ = σ(z), where σ is the sigmoid function.

σ(z) =
1

1+ exp(−z)
.

The loss is binary cross entropy:

ℓLogistic =−y log(ŷ)−(1− y) log(1− ŷ).

Remember the negative sign!
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Logistic Regression

If the label is -1 o 1:

Note: 1−σ(z) = σ(−z)

Now we can derive an equivalent loss form:

ℓLogistic =

{
− log(σ(z)) if y = 1
− log(σ(−z)) if y =−1

=− log(σ(yz))

= − log(
1

1+ e−yz
)

= log(1+ e−m).
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Logistic Loss

Logistic/Log loss: ℓLogistic = log (1+ e−m)

Logistic loss is differentiable. Logistic loss always rewards a larger margin (the loss is never 0).
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What About Square Loss for Classification?

Loss ℓ(f (x),y) = (f (x)− y)2.

Turns out, can write this in terms of margin m = f (x)y :

Using fact that y2 = 1, since y ∈ {−1,1}.

ℓ(f (x),y) = (f (x)− y)2

= f 2(x)−2f (x)y + y2

= f 2(x)y2−2f (x)y +1
= (1− f (x)y)2

= (1−m)2
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What About Square Loss for Classification?

Heavily penalizes outliers (e.g. mislabeled examples).
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Controlling the Complexity through Regularization
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Complexity of Hypothesis Spaces

What is the trade-off between approximation error and estimation error?

Bigger F: better approximation but can overfit (need more samples)

Smaller F: less likely to overfit but can be farther from the true function

To control the “size” of F, we need some measure of its complexity:

Number of variables / features

Degree of polynomial
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General Approach to Control Complexity

1. Learn a sequence of models varying in complexity from the training data

F1 ⊂ F2 ⊂ Fn · · · ⊂ F

Example: Polynomial Functions
F = {all polynomial functions}

Fd = {all polynomials of degree ⩽ d}

2. Select one of these models based on a score (e.g. validation error)
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Feature Selection in Linear Regression

Nested sequence of hypothesis spaces: F1 ⊂ F2 ⊂ Fn · · · ⊂ F

F = {linear functions using all features}

Fd = {linear functions using fewer than d features}

Best subset selection:

Choose the subset of features that is best according to the score (e.g. validation error)
Example with two features: Train models using {}, {X1}, {X2}, {X1,X2}, respectively

Not an efficient search algorithm; iterating over all subsets becomes very expensive with a
large number of features
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Greedy Selection Methods

Forward selection:

1. Start with an empty set of features S

2. For each feature i not in S

Learn a model using features S ∪ i
Compute score of the model: αi

3. Find the candidate feature with the highest score: j = argmaxi αi

4. If αj improves the current best score, add feature j : S ← S ∪ j and go to step 2; return S
otherwise.

Backward Selection:

Start with all features; in each iteration, remove the worst feature
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Feature Selection: Discussion

Number of features as a measure of the complexity of a linear prediction function

General approach to feature selection:
Define a score that balances training error and complexity

Find the subset of features that maximizes the score

Forward & backward selection do not guarantee to find the best solution.

Forward & backward selection do not in general result in the same subset.

Could there be a more consistent way of formulating feature selection as an optimization
problem?
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ℓ2 and ℓ1 Regularization
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Complexity Penalty

An objective that balances number of features and prediction performance:

score(S) = training_loss(S)+λ|S | (1)

λ balances the training loss and the number of features used.

Adding an extra feature must be justified by at least λ improvement in training loss

Larger λ → complex models are penalized more heavily
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Complexity Penalty

Goal: Balance the complexity of the hypothesis space F and the training loss

Complexity measure: Ω : F→ [0,∞), e.g. number of features

Penalized ERM (Tikhonov regularization)

For complexity measure Ω : F→ [0,∞) and fixed λ⩾ 0,

min
f∈F

1
n

n∑
i=1

ℓ(f (xi ),yi )+λΩ(f )

As usual, we find λ using the validation data.

Number of features as complexity measure is not differentiable and hard to optimize—other
measures?
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Soft Selection

We can imagine having a weight for each feature dimension.

In linear regression, the model weights multiply each feature dimension:

f (x) = w⊤x

If wi is zero or close to zero, then it means that we are not using the i-th feature.
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Weight Shrinkage: Intuition

Why would we prefer a regression line with smaller slope (unless the data strongly supports
a larger slope)?

More stable: small change in the input does not cause large change in the output

If we push the estimated weights to be small, re-estimating them on a new dataset
wouldn’t cause the prediction function to change dramatically (less sensitive to noise in
data)
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Weight Shrinkage: Polynomial Regression

n-th feature dimension is the n-th power of x: 1,x ,x2, ...

Large weights are needed to make the curve wiggle sufficiently to overfit the data

ŷ = 0.001x7+0.003x3+1 less likely to overfit than ŷ = 1000x7+500x3+1

(Adapated from Mark Schmidt’s slide)
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Linear Regression with ℓ2 Regularization

We have a linear model

F =
{
f : Rd → R | f (x) = wT x for w ∈ Rd

}
Square loss: ℓ(ŷ ,y) = (y − ŷ)2

Training data Dn = ((x1,y1), . . . ,(xn,yn))

Linear least squares regression is ERM for square loss over F:

ŵ = argmin
w∈Rd

1
n

n∑
i=1

(wT xi − yi )
2

This often overfits, especially when d is large compared to n (e.g. in NLP one can have
1M features for 10K documents).
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Linear Regression with L2 Regularization

Penalizes large weights:

ŵ = argmin
w∈Rd

1
n

n∑
i=1

{
wT xi − yi

}2
+λ∥w∥22,

where ∥w∥22 = w2
1 + · · ·+w2

d is the square of the ℓ2-norm.

Also known as ridge regression.

Equivalent to linear least square regression when λ= 0.

ℓ2 regularization can be used for other models too (e.g. neural networks).
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ℓ2 regularization reduces sensitivity to changes in input

f̂ (x) = ŵT x is Lipschitz continuous with Lipschitz constant L= ∥ŵ∥2: when moving
from x to x +h, f̂ changes no more than L∥h∥.

ℓ2 regularization controls the maximum rate of change of f̂ .

Proof: ∣∣∣f̂ (x +h)− f̂ (x)
∣∣∣ = |ŵT (x +h)− ŵT x |=

∣∣ŵTh
∣∣

⩽ ∥ŵ∥2∥h∥2 (Cauchy-Schwarz inequality)

Other norms also provide a bound on L due to the equivalence of norms:
∃C > 0 s.t. ∥ŵ∥2 ⩽ C∥ŵ∥p
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Linear Regression vs. Ridge Regression

Objective:
Linear: L(w) = 1

2∥Xw − y∥22
Ridge: L(w) = 1

2∥Xw − y∥22+ λ
2 ∥w∥

2
2

Gradient:
Linear: ∇L(w) = XT (Xw − y)

Ridge: ∇L(w) = XT (Xw − y)+λw

Also known as weight decay in neural networks

Closed-form solution:
Linear: XTXw = XT y -> w = (XTX )−1XT y

Ridge: (XTX +λI )w = XT y -> w = (XTX +λI )−1XT y

(XTX +λI ) is always invertible
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Constrained Optimization

L2 regularizer is a term in our optimization objective.

w∗ = argmin
w

1
2
∥Xw − y∥22+

λ

2
∥w∥22

This is also called the Tikhonov form.

The Lagrangian theory allows us to interpret the second term as a constraint.

w∗ = argmin
w :||w ||22⩽r

1
2
∥Xw − y∥22

At optimum, the gradients of the main objective and the constraint cancel out.

This is also called the Ivanov form.
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Ridge Regression: Regularization Path

Modified from Hastie, Tibshirani, and Wainwright’s Statistical Learning with Sparsity, Fig 2.1. About predicting crime in 50 US cities.
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Lasso Regression

Penalize the ℓ1 norm of the weights:

Lasso Regression (Tikhonov Form, soft penalty)

ŵ = argmin
w∈Rd

1
n

n∑
i=1

{
wT xi − yi

}2
+λ∥w∥1,

where ∥w∥1 = |w1|+ · · ·+ |wd | is the ℓ1-norm.
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Ridge vs. Lasso: Regularization Paths

Lasso yields sparse weights.

Modified from Hastie, Tibshirani, and Wainwright’s Statistical Learning with Sparsity, Fig 2.1. About predicting crime in 50 US cities.
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The Benefits of Sparsity

The coefficient for a feature is 0 =⇒ the feature is not needed for prediction. Why is that
useful?

Faster to compute the features; cheaper to measure or annotate them

Less memory to store features (deployment on a mobile device)

Interpretability: identifies the important features

Prediction function may generalize better (model is less complex)
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Why does ℓ1 Regularization Lead to Sparsity?
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Lasso Regression

Penalize the ℓ1 norm of the weights:

Lasso Regression (Tikhonov Form, soft penalty)

ŵ = argmin
w∈Rd

1
n

n∑
i=1

{
wT xi − yi

}2
+λ∥w∥1,

where ∥w∥1 = |w1|+ · · ·+ |wd | is the ℓ1-norm.
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Regularization as Constrained ERM

Constrained ERM (Ivanov regularization)

For complexity measure Ω : F→ [0,∞) and fixed r ⩾ 0,

min
f∈F

1
n

n∑
i=1

ℓ(f (xi ),yi )

s.t. Ω(f )⩽ r

Lasso Regression (Ivanov Form, hard constraint)

The lasso regression solution for complexity parameter r ⩾ 0 is

ŵ = argmin
∥w∥1⩽r

1
n

n∑
i=1

{
wT xi − yi

}2
.

r has the same role as λ in penalized ERM (Tikhonov).
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The ℓ1 and ℓ2 Norm Constraints

Let’s consider F = {f (x) = w1x1+w2x2} space)

We can represent each function in F as a point (w1,w2) ∈ R2.

Where in R2 are the functions that satisfy the Ivanov regularization constraint for ℓ1 and
ℓ2?

ℓ2 contour:
w2

1 +w2
2 = r

ℓ1 contour:
|w1|+ |w2|= r

Where are the sparse solutions?
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Visualizing Regularization

f ∗r = argminw∈R2
∑n

i=1
(
wT xi − yi

)2 subject to w2
1 +w2

2 ⩽ r

Blue region: Area satisfying complexity constraint: w2
1 +w2

2 ⩽ r

Red lines: contours of the empirical risk R̂n(w) =
∑n

i=1
(
wT xi − yi

)2.

KPM Fig. 13.3
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Why Does ℓ1 Regularization Encourage Sparse Solutions?

f ∗r = argminw∈R2
1
n

∑n
i=1

(
wT xi − yi

)2 subject to |w1|+ |w2|⩽ r

Blue region: Area satisfying complexity constraint: |w1|+ |w2|⩽ r

Red lines: contours of the empirical risk R̂n(w) =
∑n

i=1
(
wT xi − yi

)2.

ℓ1 solution tends to touch the corners.
KPM Fig. 13.3
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Why Does ℓ1 Regularization Encourage Sparse Solutions?

Suppose the loss contour is growing like a perfect circle/sphere.
Geometric intuition: Projection onto diamond encourages solutions at corners.

ŵ in red/green regions are closest to corners in the ℓ1 “ball”.

Fig from Mairal et al.’s Sparse Modeling for Image and Vision Processing Fig 1.6
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Why Does ℓ1 Regularization Encourage Sparse Solutions?

Suppose the loss contour is growing like a perfect circle/sphere.
Geometric intuition: Projection onto ℓ2 sphere favors all directions equally.

Fig from Mairal et al.’s Sparse Modeling for Image and Vision Processing Fig 1.6
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Optimization Perspective

For ℓ2 regularization,

As wi becomes smaller, there is less and less penalty
What is the ℓ2 penalty for wi = 0.0001?

The gradient—which determines the pace of optimization—decreases as wi approaches
zero

Less incentive to make a small weight equal to exactly zero

For ℓ1 regularization,

The gradient stays the same as the weights approach zero

This pushes the weights to be exactly zero even if they are already small
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(
ℓq
)

Regularization

We can generalize to ℓq : (∥w∥q)q = |w1|
q+ |w2|

q.

Note: ∥w∥q is only a norm if q ⩾ 1, but not for q ∈ (0,1)

When q < 1, the ℓq constraint is non-convex, so it is hard to optimize; lasso is good
enough in practice

ℓ0 (∥w∥0) is defined as the number of non-zero weights, i.e. subset selection
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Maximum Margin Classifier
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Linearly Separable Data

Consider a linearly separable dataset D:

Xzh

O O

| I#xx °

: oooo
X x

X x
O O O

x x
x o

-x,

Find a separating hyperplane such that

wT xi > 0 for all xi where yi =+1

wT xi < 0 for all xi where yi =−1
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Linearly Separable Data

Consider a linearly separable dataset D:

Xzh

O O

| I#xx °

: oooo
X x

X x
O O O

x x
x o

-x,

Now let’s design a learning algorithm: If there is a misclassified example, change the hyperplane
according to the example.
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The Perceptron Algorithm

Initialize w ← 0

While not converged (exists misclassified examples)
For (xi ,yi ) ∈D

If yiwT xi < 0 (wrong prediction)
Update w ← w +yixi

Intuition: move towards misclassified positive examples and away from negative examples

Guarantees to find a zero-error classifier (if one exists) in finite steps

What is the loss function if we consider this as a SGD algorithm?
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Minimize the Hinge Loss
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Perceptron Loss

ℓ(x ,y ,w) =max(0,−ywT x)

q loss

§qy
,,
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Maximum-Margin Separating Hyperplane

For separable data, there are infinitely many zero-error classifiers.

Which one do we pick?

Xzh

O O

l :*:*. ÷:
x x

x o

-x,

(Perceptron does not return a unique solution.)
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Maximum-Margin Separating Hyperplane

We prefer the classifier that is farthest from both classes of points

A

yammering
'm

O O

1¥ : :
X x

X x
O o O

x x
x o

-x,

Geometric margin: smallest distance between the hyperplane and the points

Maximum margin: largest distance to the closest points
CSCI-GA 2565 45 / 59



Geometric Margin

We want to maximize the distance between the separating hyperplane and the closest points.

Let’s formalize the problem.

Definition (separating hyperplane)

We say (xi ,yi ) for i = 1, . . . ,n are linearly separable if there is a w ∈ Rd and b ∈ R such that
yi (w

T xi +b)> 0 for all i . The set {v ∈ Rd | wT v +b = 0} is called a separating hyperplane.

Definition (geometric margin)

Let H be a hyperplane that separates the data (xi ,yi ) for i = 1, . . . ,n. The geometric margin
of this hyperplane is

min
i

d(xi ,H),

the distance from the hyperplane to the closest data point.
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Distance between a Point and a Hyperplane
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Any point on the plane p, and normal
vector w/∥w∥2

Projection of x onto the normal: (x ′−p)Tw
∥w∥2

(x ′−p)Tw = x ′Tw −pTw =
x ′Tw +b (since pTw +b = 0)

Signed distance between x ′ and
Hyperplane H: wT x ′+b

∥w∥2

Taking into account of the label y :
d(x ′,H) =

y(wT x ′+b)
∥w∥2
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Maximize the Margin

We want to maximize the geometric margin:

maximize min
i

d(xi ,H).

Given separating hyperplane H =
{
v | wT v +b = 0

}
, we have

maximize min
i

yi (w
T xi +b)

∥w∥2
.

Let’s remove the inner minimization problem by

maximize M

subject to yi(w
T xi+b)

∥w∥2
⩾M for all i

Note that the solution is not unique (why?).
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Maximize the Margin

Let’s fix the norm ∥w∥2 to 1/M to obtain:

maximize 1
∥w∥2

subject to yi (w
T xi +b)⩾ 1 for all i

It’s equivalent to solving the minimization problem

minimize 1
2∥w∥

2
2

subject to yi (w
T xi +b)⩾ 1 for all i

Note that yi (wT xi +b) is the (functional) margin. The optimization finds the minimum norm
solution which has a margin of at least 1 on all examples.

CSCI-GA 2565 49 / 59



Not linearly separable

What if the data is not linearly separable?

For any w , there will be points with a negative margin.

<latexit sha1_base64="VQB14ElJwnNPgog3Hhcs5tX+JT4=">AAACVXicdVDLSgMxFM2MVWt9VV24cBMsSkUoMyLoRih247KCVcHWkkkzbTCPIbmjlmG+xq1+j/gxguljoZUeCJx7zj1wc6JEcAtB8OX5C4XFpeXiSml1bX1js7y1fWt1aihrUS20uY+IZYIr1gIOgt0nhhEZCXYXPTVG/t0zM5ZrdQPDhHUk6Ssec0rASd3yblx9PcIXOMLH+OWxDTrBr24MuuVKUAvGwP9JOCUVNEWzu+UdtnuappIpoIJY+xAGCXQyYoBTwfJSO7UsIfSJ9NmDo4pIZjvZ+Ac5PnBKD8fauKcAj9XfiYxIa4cycpuSwMDOeiNxngcDmf/VRF8b7mRO5xgz10J83sm4SlJgik6OjVOBQeNRpbjHDaMgho4Q6vKcYjoghlBwxZfa42DW0FIS1bO5azac7fE/uT2phUEtvD6t1C+nHRfRHtpHVRSiM1RHV6iJWoiiHL2hd/ThfXrffsFfmqz63jSzg/7A3/wB/6uz1A==</latexit>

<latexit sha1_base64="HUrqgXiwoP/pt58JPjhVuEWrf98=">AAACVnicdZBLSwMxFIUzo7W1vlrdCG6CRXFVZoqgG6HYjcsK9gGdUjJppg3NY0gyShnGX+NWf4/+GTF9LGxLLwQO37kHbk4YM6qN5/047s5ubi9f2C8eHB4dn5TKp20tE4VJC0smVTdEmjAqSMtQw0g3VgTxkJFOOGnM/M4rUZpK8WKmMelzNBI0ohgZiwal8wZ8gEGkEE79LA2EVDx9ywa1bFCqeFVvPnBT+EtRActpDsrOdTCUOOFEGMyQ1j3fi00/RcpQzEhWDBJNYoQnaER6VgrEie6n8y9k8MqSIYyksk8YOKf/EyniWk95aDc5MmO97s3gNs+MebbK2EgqajHFW4y1a01030+piBNDBF4cGyUMGglnncIhVQQbNrUCYZunGOIxsp0a23wxmAfThuQciaGeNeuv97gp2rWq71X959tK/XHZcQFcgEtwA3xwB+rgCTRBC2DwDj7AJ/hyvp1fN+fmF6uus8ycgZVxS38zfLaN</latexit>

<latexit sha1_base64="v8Ry+B9UWZbY2oQR8qE+CAUB9zU=">AAACQXicdVDNSsNAGNz4W+tfq0cvwaJ4KokIeiz24rGCaQtNKJvNpl26P2F3I5aQZ/Cqz+NT+AjexKsXt2kOtqUDHwwz38AwYUKJ0o7zaW1sbm3v7Fb2qvsHh0fHtfpJV4lUIuwhQYXsh1BhSjj2NNEU9xOJIQsp7oWT9szvPWOpiOBPeprggMERJzFBUBvJ81/I0B3WGk7TKWCvErckDVCiM6xbl34kUMow14hCpQauk+ggg1ITRHFe9VOFE4gmcIQHhnLIsAqyom1uXxglsmMhzXFtF+r/RAaZUlMWmk8G9VgtezNxnafHLF/U6EhIYmSC1hhLbXV8F2SEJ6nGHM3Lxim1tbBn89kRkRhpOjUEIpMnyEZjKCHSZuSqXwSztmAM8kjlZll3ecdV0r1uuk7TfbxptO7LjSvgDJyDK+CCW9ACD6ADPIAAAa/gDbxbH9aX9W39zF83rDJzChZg/f4BpCWxdw==</latexit> <latexit sha1_base64="LeZmm3xJsfTdes5W71yrJjO4Q6Q=">AAACQXicdVDNSsNAGNzUv1r/Wj16CRbFU0mKoMdiLx4rmLbQhLLZbNql+xN2N2IJeQav+jw+hY/gTbx6cdvmYFs68MEw8w0MEyaUKO04n1Zpa3tnd6+8Xzk4PDo+qdZOu0qkEmEPCSpkP4QKU8Kxp4mmuJ9IDFlIcS+ctGd+7xlLRQR/0tMEBwyOOIkJgtpInv9Chs1hte40nDnsdeIWpA4KdIY168qPBEoZ5hpRqNTAdRIdZFBqgijOK36qcALRBI7wwFAOGVZBNm+b25dGiexYSHNc23P1fyKDTKkpC80ng3qsVr2ZuMnTY5Yva3QkJDEyQRuMlbY6vgsywpNUY44WZeOU2lrYs/nsiEiMNJ0aApHJE2SjMZQQaTNyxZ8Hs7ZgDPJI5WZZd3XHddJtNlyn4T7e1Fv3xcZlcA4uwDVwwS1ogQfQAR5AgIBX8AberQ/ry/q2fhavJavInIElWL9/pf6xeA==</latexit>

<latexit sha1_base64="FcLicTG2Qokn8gLMrVzYhNbQfR4=">AAACQXicdVDNSsNAGNzUv1r/Wj16CRbFU0lU0GOxF48VTFtoQtlstu3S/Qm7G7GEPINXfR6fwkfwJl69uE1zsC0d+GCY+QaGCWNKlHacT6u0sbm1vVPereztHxweVWvHHSUSibCHBBWyF0KFKeHY00RT3IslhiykuBtOWjO/+4ylIoI/6WmMAwZHnAwJgtpInv9CBteDat1pODnsVeIWpA4KtAc168KPBEoY5hpRqFTfdWIdpFBqgijOKn6icAzRBI5w31AOGVZBmrfN7HOjRPZQSHNc27n6P5FCptSUheaTQT1Wy95MXOfpMcsWNToSkhiZoDXGUls9vAtSwuNEY47mZYcJtbWwZ/PZEZEYaTo1BCKTJ8hGYygh0mbkip8H05ZgDPJIZWZZd3nHVdK5arhOw328qTfvi43L4BScgUvgglvQBA+gDTyAAAGv4A28Wx/Wl/Vt/cxfS1aROQELsH7/AKfXsXk=</latexit>

<latexit sha1_base64="sHovSF/sqvWoNNa6CC158gySo1A=">AAACQXicdVDNSsNAGNzUv1r/Wj16CRbFU0mkoMdiLx4rmLbQhLLZbNul+xN2N2IJeQav+jw+hY/gTbx6cZvmYFs68MEw8w0ME8aUKO04n1Zpa3tnd6+8Xzk4PDo+qdZOu0okEmEPCSpkP4QKU8Kxp4mmuB9LDFlIcS+ctud+7xlLRQR/0rMYBwyOORkRBLWRPP+FDJvDat1pODnsdeIWpA4KdIY168qPBEoY5hpRqNTAdWIdpFBqgijOKn6icAzRFI7xwFAOGVZBmrfN7EujRPZISHNc27n6P5FCptSMheaTQT1Rq95c3OTpCcuWNToWkhiZoA3GSls9ugtSwuNEY44WZUcJtbWw5/PZEZEYaTozBCKTJ8hGEygh0mbkip8H07ZgDPJIZWZZd3XHddK9abhOw31s1lv3xcZlcA4uwDVwwS1ogQfQAR5AgIBX8AberQ/ry/q2fhavJavInIElWL9/qbCxeg==</latexit>

<latexit sha1_base64="19E7QQ3SzuFSITLhYdfln84cJaQ=">AAACQnicdVDNTsJAGNzFP8Q/0KOXRqLxRFoueiRy8YiJgAk0ZLvdlpX9aXa3JqThHbzq8/gSvoI349WDS+lBIEzyJZOZb5LJBAmj2rjuJyxtbe/s7pX3KweHR8cn1dppT8tUYdLFkkn1FCBNGBWka6hh5ClRBPGAkX4wac/9/gtRmkrxaKYJ8TmKBY0oRsZKPY5UTMWoWncbbg5nnXgFqYMCnVENXg1DiVNOhMEMaT3w3MT4GVKGYkZmlWGqSYLwBMVkYKlAnGg/y+vOnEurhE4klT1hnFz9n8gQ13rKA/vJkRnrVW8ubvLMmM+WNRZLRa1M8QZjpa2Jbv2MiiQ1ROBF2ShljpHOfD8npIpgw6aWIGzzFDt4jBTCxq5cGebBrC05RyLUM7ust7rjOuk1G57b8B6a9dZdsXEZnIMLcA08cANa4B50QBdg8AxewRt4hx/wC37Dn8VrCRaZM7AE+PsHEhayMA==</latexit>
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Soft Margin SVM

Introduce slack variables ξ’s to penalize small margin:

minimize 1
2∥w∥

2
2+

C
n

∑n
i=1ξi

subject to yi (w
T xi +b)⩾ 1−ξi for all i

ξi ⩾ 0 for all i

If ξi = 0 ∀i , it’s reduced to hard SVM.

What does ξi > 0 mean?

What does C control?
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Slack Variables

d(xi ,H) =
yi(w

T xi+b)
∥w∥2

⩾ 1−ξi
∥w∥2

, thus ξi measures the violation by multiples of the geometric
margin:

ξi = 1: xi lies on the hyperplane

ξi = 3: xi is past 2 margin width beyond the decision hyperplane

ξi = 1.5

ξi = 3

ξi = 1.5
ξi = 2
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Minimize the Hinge Loss
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Perceptron Loss

ℓ(x ,y ,w) =max(0,−ywT x)

q loss

§qy
,,

If we do ERM with this loss function, what happens?
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Hinge Loss

SVM/Hinge loss: ℓHinge =max {1−m,0}= (1−m)+

Margin m = yf (x); “Positive part” (x)+ = x1[x ⩾ 0].

Hinge is a convex, upper bound on 0−1 loss. Not differentiable at m = 1.
We have a “margin error” when m < 1.
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SVM as an Optimization Problem

The SVM optimization problem is equivalent to

minimize
1
2
||w ||2+

c

n

n∑
i=1

ξi

subject to ξi ⩾
(
1− yi

[
wT xi +b

])
for i = 1, . . . ,n

ξi ⩾ 0 for i = 1, . . . ,n

which is equivalent to

minimize
1
2
||w ||2+

c

n

n∑
i=1

ξi

subject to ξi ⩾max
(
0,1− yi

[
wT xi +b

])
for i = 1, . . . ,n.
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SVM as an Optimization Problem

minimize
1
2
||w ||2+

c

n

n∑
i=1

ξi

subject to ξi ⩾max
(
0,1− yi

[
wT xi +b

])
for i = 1, . . . ,n.

Move the constraint into the objective:

min
w∈Rd ,b∈R

1
2
||w ||2+

c

n

n∑
i=1

max
(
0,1− yi

[
wT xi +b

])
.

The first term is the L2 regularizer.

The second term is the Hinge loss.
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Support Vector Machine

Using ERM:

Hypothesis space F =
{
f (x) = wT x +b | w ∈ Rd ,b ∈ R

}
.

ℓ2 regularization (Tikhonov style)

Hinge loss ℓ(m) =max {1−m,0}= (1−m)+

The SVM prediction function is the solution to

min
w∈Rd ,b∈R

1
2
||w ||2+

c

n

n∑
i=1

max
(
0,1− yi

[
wT xi +b

])
.
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Summary

Two ways to derive the SVM optimization problem:

Maximize the margin

Minimize the hinge loss with ℓ2 regularization

Both leads to the minimum norm solution satisfying certain margin constraints.

Hard-margin SVM: all points must be correctly classified with the margin constraints

Soft-margin SVM: allow for margin constraint violation with some penalty
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